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Abstract. The scheme of formation of a set of variants of grooves of partially regular 
microreliefs formed on the end faces of rotation bodies by a vibration method has been developed, 
and the conditions of their existence have been determined. Using a block approach, mathematical 
models of partially regular microreliefs have been constructed, which described a set of their 
variants, taking into account such characteristics as the shape of axial lines of continuous regular 
microroughness, type, and location of axial symmetry lines of grooves, and groove shape. Using 
MathCAD software and developed mathematical models, graphic images of partially regular 
microreliefs were obtained. 
Keywords: modeling, partially regular microreliefs, end faces, amplitude, pitch, axial 
symmetry lines, shape, characteristics. 
Introduction 
A number of parts of various machines, in particular, tapered variator discs, thrust, tapered, and axial 
bearings, especially turbocharger combs, which perform their functions with end faces, have high 
requirements for their wear resistance. These requirements can be provided with vibratory rolling. 
Increasing the operational life of machinery and equipment is directly related to ensuring the 
workability of their working surfaces. Among promising methods of increasing the operational life of the 
working surfaces of machine parts, there are methods of surface plastic deformation. One of them is 
vibratory rolling with the formation of a regular microrelief [1]. 
A fundamental study in the direction of the influence of the parameters of the regular microrelief on 
the operational properties of the working surfaces of machine parts is the work of Yu. G. Schneider [2]. 
The researches of the last decades are directed towards a deepening of this direction. They are aimed 
at improving the operational properties of the working surfaces of individual parts of the units and 
assemblies of cylinders of internal combustion engines [3], [4], journals of crankshafts and other shafts [5], 
parts of aircraft and printing equipment [6], [7]. 
The positive effect of regular microrelief on increasing the operational life of conjugated parts is 
widely described in the scientific literature. In the work [8] it is noted that the application of a regular 
microrelief on the inner cylindrical surface of the plunger pair of the rod pump significantly increases the 
tightness of the movable joint and its operational life. Therefore, the formation of a regular microrelief on 
the working surfaces of machine parts is an important engineering task that needs to be solved. 
Problem Statement 
Ensuring the necessary properties of surfaces with regular microrelief can be done only when modeling 
it. To do this, it is necessary to calculate the parameters of the microrelief and modes of its formation. 
Review of Modern Information Sources on the Subject of the Paper 
For the first time, mathematical models of regular microreliefs (RMR) were described by 
Yu. G. Schneider in the work [2]. It derives the conditions for the formation of RMR of I-III types. They 
became the basis for the creation of the standard GOST 24773-81 [1], which regulates the parameters of 
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the regular microrelief formed on flat and cylindrical surfaces. He also conducted the first research on the 
creation of regular microreliefs as decorative processing of the end faces of rotation bodies by a rotation 
method. The assumptions made by Ya. S. Feldman are used in the development of mathematical models 
and the calculation of microrelief parameters. 
The authors [5] proposed a mathematical model of a regular microrelief with grooves of sinusoidal 
shape, which is formed on the outer cylindrical surface. The mathematical model involves the construction 
of various types of microreliefs depending on its initial parameters. The model is visualized in the 
MathCAD environment. 
It should be noted that all mathematical models that describe RMR with grooves of sinusoidal shape 
are based on the equation of harmonic oscillation and actually duplicate each other. This equation is 
represented as ( )0y A sin tω ϕ= ⋅ ⋅ + , where A is the amplitude of oscillations, ω is the cyclic frequency of 
oscillations, t is the time, and φ0 is the initial phase of oscillations. 
The article [9] presents the results of mathematical modeling of the processing of the outer 
cylindrical surface of the shaft with a tool with a diamond tip. It forms a regular microrelief on it 
depending on the processing modes. The results of modeling the surface of the machined part in the 
process of diamond burnishing with the application of oscillations are obtained. Comparing them with the 
theoretical results, a conclusion is made about the efficiency of the mathematical model. 
In the work [10], the authors proposed the technology of applying a regular microrelief on a flat 
surface using a CNC milling machine. The equation for the movement of the tool center depending on the 
input parameters is given. The method of creating a control program for the Siemens and Fanuc computer 
numerical control systems for applying regular microrelief by plastic deformation on flat surfaces is described. 
A WinNC simulator developed by EMCO (Austria) was used to visualize the developed microrelief. 
The authors [11] also proposed a model developed in the Solid Works environment. It simulates the 
formation of a regular microrelief of the desired type on cylindrical surfaces depending on the initial data. 
This model can visualize the formed microrelief and calculate its geometric characteristics. 
Mathematical models for different types of regular microreliefs formed on working involute surfaces 
of cylindrical spur gears have been developed in [12]. However, the shape of the surface is not taken into 
account in analytical dependencies. 
Studies of the process of formation of partially regular microreliefs (PRM) on the end faces of 
rotation bodies (EFRB), to determine the elements of the mode of vibratory rolling in the literature, except 
[2], are absent. In the mentioned work, only schemes of vibratory rolling are given and the general features 
of such method are described. 
From the conducted research it is revealed that few publications are devoted to the development of 
mathematical models of the process of formation of regular microreliefs on the end faces of rotation bodies 
(EFRB). Therefore, research in this area is relevant. 
Objectives and Problems of Research 
The article aims to create mathematical models of partially regular microreliefs formed on the end 
faces of rotation bodies. 
Main Material Presentation 
First of all, it should be noted that the microreliefs formed on the end faces are not completely 
regular. Their circular pitch at different distances from the center of rotation of the surface will be 
different. Therefore, they belong to the class of partially regular microreliefs (PRM), a group with 
continuous regular microroughness (CRM). 
Since during the application of PRM on EFRB the formation of a set of variants of PRM grooves is 
possible due to various shapes of the CRM axial lines, the shape of grooves, type of PRM, mutual 
arrangement of axial symmetry lines of PRM grooves, it is proposed to use a block approach to build 
mathematical models describing a set of PRM variants. Its essence is that each feature of the microrelief 
grooves is described by a system of individual mathematical dependencies. To generate any PRM from a 
set of possible variants, these mathematical dependencies are combined. 
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The proposed scheme of formation of a set of variants of PRM grooves, formed on EFRB by vibration 
method, makes it possible to generate a set of variants of PRM grooves with various parameters (Fig. 1). 
 
Fig. 1. A scheme of formation of a set of variants of PRM grooves on the end faces of rotation bodies  
by a vibration method 
Each of the parameters that form the characteristics of the grooves has its own mathematical 
expression (Table 1). Combining them into a system, mathematical models of any variant generated by the 
scheme of formation of a set of variants of PRM grooves were obtained (Table 2). 
The number of formed types of grooves is conditional because the number of possible shapes of 
grooves or axial lines of CRM can be much larger. 
Analytical description of the PRM formed on EFRB using the block approach will allow us to 
automate calculations of a large number of microrelief parameters, proceeding from possibilities of the 
technological equipment. This method will simplify the calculations of the relative area of the microrelief, 
select its parameters, and model the grid depending on the specified parameters. 
According to the vibration method of PRM formation, EFRB is given rotational motion, and the 
deforming element is reciprocated. Geometrical parameters of microrelief grooves and parameters of 
processing modes should be determined using the rotation angle φi of this surface. This angle determines 
the type of microrelief: with grooves whose axes lie on the same line (analog of parallel grooves for RMR, 
formed on flat or cylindrical surfaces), or with grooves offset by a certain proportion of the angular pitch. 
The initial parameters for modeling PRM on EFRB by vibration method are (units are given in 
parentheses): 
– the amplitude Аk of the groove (mm); 
– the shape of the groove profile; 
– the circular pitch of the grooves Sk (mm), or its dependent parameter – the central angle of the 
groove αk (degrees); 
– the axial pitch of the grooves Sо (mm); 
– the angular pitch of the grooves φk (degrees); 
– the distance from the center of rotation of the end face of the rotation body to the base of the PRM 
groove element Rk (mm); 
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– the radius of the middle line of the grooves, Rkc (mm); 
– the radius of the groove imprint, ρk (mm); 
– the number of the PRM elements nеl (pcs) on the interval [0…2π]; it is determined by the 
dependence . . /еl d s wn і n= , where іd.s. is the number of double strokes of the vibratory roller (d.s./min); nw is 
the speed of rotation of the workpiece (rpm); 
– the parameter characterizing the mutual arrangement of the axial symmetry lines of the grooves γd 
(degrees); it is determined as the incomplete fraction of the expression . . /еl d s wn і n= . 
The frequency of oscillations of the deforming element relative to the end face on which the 
microrelief is formed determines the number of elements of the PRM grooves, which are located at a 
suitable distance from the center of rotation of the end face of the rotation body Rkc. 
Table 1 
Characteristics of axial lines of CRM, shapes and types of PRM grooves formed on the end faces of 
rotation bodies by a vibration method 
by the shape of axial lines of CRM 
concentric circles Archimedean spiral logarithmic spiral 
   
( )icosin nx r ϕ= ⋅ ; 
( )y sinin n ir ϕ= ⋅ ; 
[ ]0; 2 ,iϕ π∈  
n is the ordinal number of the 
circle of concentric circles; 
So is the pitch of concentric 
circles. 
( )cos 2i o i ix S ϕ ϕ π= ⋅ ⋅ ⋅ ; 
( )y sin 2i o i iS ϕ ϕ π= ⋅ ⋅ ⋅ ; 
[ ]0; 2 ,i Sozϕ π∈ ⋅  
So
z  is the number of the spiral turns; 
So is the axial pitch of the grooves 
(the distance between spiral turns). 
( )a cosimi ix e ϕ ϕ⋅= ⋅ ⋅ ; 
( )a sinimi iy e ϕ ϕ⋅= ⋅ ⋅ ; 
[ ]0; 2 ,i Sozϕ π∈ ⋅  
m is the coefficient responsible 
for the distance between spiral 
turns; a is the coefficient 
responsible for the spiral turn 
radius; 
So
z  is the number of the 
spiral turns. 
by the groove shape 
sinusoidal V-shaped complex 
 
with parameters Ak, Sk, ρk 
( )sink k el iy A n ϕ= ⋅ ⋅ ; 
( )cosk k el ix A n ϕ= ⋅ ⋅ . 
 
with parameters Ak, Sk, ρk 
( )( )0.2 arcsin sink k el ix A nπ ϕ= ⋅ ⋅ ⋅ ⋅ ; 
( )( )0.2 arcsin sink k el iy A nπ ϕ= ⋅ ⋅ ⋅ ⋅ . 
 
with parameters Ak, Sk, ρk 
( )k k iy A f ϕ= ⋅ ; 
( )k k ix A f ϕ= ⋅ . 
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The end of Table 1 
 by the location of the axial symmetry lines of the grooves 
the axis coincides 
the axis is shifted by 0.5 
angular pitch  
the axis is shifted by a certain 
angle 
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The name of the PRM formed on the EFRB should be formed as follows: the method of forming → the 
shape of the CRM axial lines → type → the location of the axial symmetry lines of the grooves → the shape 
of the groove. To model the sinusoidal shape of the groove, the function of harmonic oscillations according 
to the law of sine was used, which was recorded in the form ( )sink k el iy A n ϕ= ⋅ ⋅ ; ( )cosk k еl ix A n ϕ= ⋅ ⋅ , 
where yk and xk are the coordinates of the groove corresponding to the rotation angle φi. A function 
( )( )arcsin sink k еl ix A n ϕ= ⋅ ⋅ , ( )( )arcsin sink k еl iy A n ϕ= ⋅ ⋅  was used to model the V-shaped groove. It is of 
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partially-piecewise type. Its graph consists of linear segments, which alternately acquire extreme values 
from –Аk to +Аk at 2i kϕ ϕ=  and 0 at i kϕ ϕ= . 
To confirm the efficiency of the developed mathematical models, we will construct graphic images 
of PRM of type I for V-shaped and sine-shaped grooves. They are formed on EFRB by a vibration method 
for various shapes of CRM axial lines and with three variants of arrangement of axial symmetry lines of 
grooves (Table 2). 
Table 2 
Variants of partially regular microreliefs formed on the end faces of rotation bodies 
The name of a partially regular microrelief 
Vibrating with performing the CRM axial lines along the Archimedean spiral, sinusoidal, type I 
( )
( )
( ) ( )
( ) ( )
cos 2 ;
y sin 2 ;
sin cos ;
sin sin .
i o i i
i o i i
k k i еl i i
k k i еl i i
x S
S
x A n x
y A n y
ϕ ϕ π
ϕ ϕ π
ϕ ϕ
ϕ ϕ
 = ⋅ ⋅ ⋅
 = ⋅ ⋅ ⋅
 = ⋅ ⋅ ⋅ +
 = ⋅ ⋅ ⋅ +
 
0
d
γ =  0.5
d k
γ ϕ= ⋅  0 0.5
d k
γ ϕ< < ⋅  
   
Vibrating with performing the CRM axial lines along the Archimedean spiral, V-shaped, type I 
( )
( )
( )( )( ) ( )
( )( )( ) ( )
cos 2 ;
y sin 2 ;
0.2 arcsin sin cos ;
0.2 arcsin sin sin .
i o i i
i o i i
k k еl i i i
k k еl i i i
x S
S
x A n x
y A n y
ϕ ϕ π
ϕ ϕ π
π ϕ ϕ
π ϕ ϕ
 = ⋅ ⋅ ⋅
 = ⋅ ⋅ ⋅
 = ⋅ ⋅ ⋅ ⋅ ⋅ +

 = ⋅ ⋅ ⋅ ⋅ ⋅ +

 
0
d
γ =  0.5
d k
γ ϕ= ⋅  0 0.5
d k
γ ϕ< < ⋅  
   
Vibrating with performing the CRM axial lines in concentric circles, sinusoidal, type I  
1n n or r S+ = + ;          
( )
( )
( ) ( )
( ) ( )
cos ;
sin ;
sin cos ;
sin sin .
in n i
in n i
k k i еl i i
k k i еl i i
x r
y r
x A n x
y A n y
ϕ
ϕ
ϕ ϕ
ϕ ϕ
 = ⋅
 = ⋅
 = ⋅ ⋅ ⋅ +
 = ⋅ ⋅ ⋅ +
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Continuation of Table 2 
0
d
γ =  0.5
d k
γ ϕ= ⋅  0 0.5
d k
γ ϕ< < ⋅  
   
Vibrating with performing the CRM axial lines in concentric circles, V-shaped, type I 
1n n or r S+ = + ;          ( )
( )
( )( ) ( )
( )( ) ( )
cos ;
sin ;
0.2 arcsin sin cos ;
0.2 arcsin sin sin .
in n i
in n i
k k i д еl i i
k k i д еl i i
x r
y r
x A n x
y A n y
ϕ
ϕ
π ϕ γ ϕ
π ϕ γ ϕ
 = ⋅
 = ⋅
  = ⋅ ⋅ ⋅ + ⋅ ⋅ + 
  = ⋅ ⋅ ⋅ + ⋅ ⋅ + 
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d k
γ ϕ= ⋅  0 0.5
d k
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Vibrating with performing the CRM axial lines along a logarithmic spiral, sinusoidal, type I 
( )
( )
( ) ( )
( ) ( )
cos ;
sin ;
sin cos ;
sin sin .
i
i
m
i i
m
i i
k k i еl i i
k k i еl i i
x a e
y a e
x A n x
y A n y
ϕ
ϕ
ϕ
ϕ
ϕ ϕ
ϕ ϕ
⋅
⋅
= ⋅ ⋅
= ⋅ ⋅
= ⋅ ⋅ ⋅ +
= ⋅ ⋅ ⋅ +
 
0
d
γ =  0.5
d k
γ ϕ= ⋅  0 0.5
d k
γ ϕ< < ⋅  
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The end of Table 2 
Vibrating with performing the CRM axial lines along a logarithmic spiral, V-shaped, type I 
( )
( )
( )( ) ( )
( )( ) ( )
cos ;
sin ;
0.2 arcsin sin cos ;
0.2 arcsin sin sin .
i
i
m
i i
m
i i
k k еl i i i
k k еl i i i
x a e
y a e
x A n x
y A n y
ϕ
ϕ
ϕ
ϕ
π ϕ ϕ
π ϕ ϕ
⋅
⋅
= ⋅ ⋅
= ⋅ ⋅
= ⋅ ⋅ ⋅ ⋅ ⋅ +
= ⋅ ⋅ ⋅ ⋅ ⋅ +
 
0
d
γ =  0.5
d k
γ ϕ= ⋅  0 0.5
d k
γ ϕ< < ⋅  
   
Conclusions 
1. For the first time, the characteristics of the grooves of the PRM formed on the end faces of 
rotation bodies by a vibration method are described using analytical dependencies. 
2. Based on the developed set of variants of PRM grooves and with the use of a block approach their 
mathematical models are developed for the first time. In the future, they will allow you to set the elements 
of the processing mode and provide the required value of the relative area of vibratory rolling. 
3. MathCAD software is used and visualization of microreliefs is carried out based on the received 
mathematical models. 
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